Abstract. Let f:M->N be a codimension-k immersion with normal crossings of a closed ra-dimensional manifold. We show that / is an embedding if and only if the (m-k+ l)-th Betti numbers of M and f(M) coincide, under a certain condition on the normal bundle of /.
Introduction
Let /: M -► N be a codimension-A; C1-immersion with normal crossings, where M is a closed m-dimensional manifold and N is an (m+/c)-dimensional manifold (k > 1). In [BR, BMS1, BMS2] , it is shown that when k = 1, HX(N;Z2) = 0, M is orientable, and / is not an embedding, then ßo(N-f(M))>3, where /?, denotes the i-th Betti number in Z2-coefficient (see also [S] ). This is equivalent to showing that / is an embedding if and only if ßm(f(M)) = ßm{M) (see [BMS2, Lemma 2.2] ). In this paper we generalize this result, showing the following. where vk(f) = f* o ß(Ql) e Hk(M; Z2), Qj e Hk{N, N -f{M) ; Z2) is the transverse class defined in [He] , ß:Hk{N,Nf{M) ; Z2) -» Hk(N; Z2) is the homomorphism induced by the inclusion, and wk(vf) e Hk(M; Z2) is the top Stiefel-Whitney class of the normal bundle Vf of the immersion f.
Note that, when k = 1, HX(N; Z2) = 0, and M is orientable, we always have vk(f) = wk{vf) = 0.
In particular, we have the following. Note that the top Stiefel-Whitney class cok(vf) of the normal bundle Vf is the modulo 2 reduction of the Euler class, which is the obstruction to the existence of a nowhere zero cross section. Note also that wk(vf) depends only on the homotopy class of /.
As to the Betti number of the complement of the image of an immersion, we have the following. Note that Corollary 1.3 is a generalization of the results in [BR, BMS1, BMS2] concerning the case k = 1 (see also [S] ).
In the following, all the homology and cohomology groups are with Z2-coefficients.
Proof of Theorem 1.1
Proof of Theorem 1.1. Set A = {x e M: f~x(f(x)) ¿ {x}} and B = f(A).
Note that A and B are ANR. We suppose that / is not an embedding; i.e., A ^ 0 . Consider the following diagram of homologies with exact rows:
where the vertical homomorphisms are induced by /. Note that the homomorphism /, :
is an isomorphism by excision. Then it is not difficult to extract the following exact sequence: (2) When k = 1 and wk(M) = 0, the equality holds in (1) if and only if / is an embedding.
(3) When k > 2, the equality in (1) always holds.
